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CALCULUS OF VARIATIONS: FURTHER DISCUSSION OF THE 
FIRST VARIATION AND THE SOLUTION OF THE DIFFER- 
ENTIAL EQUATION G =0 FOR SEVERAL INTERESTING 
EXAMPLES. 


By Dr. Harris Hancock, Chicago, Illinois. 


We saw (“ The Annals,” Vol. XI, p. 28) that 


t A 
Fr. , oF ts 
ol (y= — a’y) dt + (1) 
to 


to 


and we wish now to interpret — dt. 
Consider any point 7’ of the curve, and suppose it is subjected to a sliding 


in the direction P72 ; also suppose that ds has the same sign as dt, so that 
when we write 


PR=v, 
PY =, 
PW=w, 
Z£RPM=7', 
then is cost 


and 


{ A 

. 

7) 

x 
| 
|| 
ds‘dt™ dt 
4 
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Substitute these values in (1) and we have : 
oF ~ ty 
ty ° 


To denote that a sliding takes place along the line 7772 we must make (see 
p. 25) the substitution : 


z\lle+ é, 
| 
Yl 


where ¢ is the variable parameter. 
Denote the whole sliding that takes place along ?2 by v, then the com- 
ponent in the « direction, that is ¢, is 
—&=vecost’, 
and 
=vsint’. 


Further decomposing v into two components in the direction of the tan- 
gent and the normal to the curve at /’, and denoting these components respec- 
tively by v, and w, we have 


== v cos — 7), 
w= vsin — tT) = v sin?’ cost — v cos 7 sine 


= 4 cost — § sine. 


ty 

oF , , oF 

ol = Gu. ds +| + ] 
ty 


Hence from (2) 


to 


from which is seen that only that component of the sliding enters under the 
sigu of integration which is in the direction of the normal. 
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It is shown below that all slidings in the direction of the tangent can 
give only such terms that are completely integrable. 

When a curve slides along into itself, this means nothing else than that 
we traverse the curve by referring the points in another manner to an inde- 
pendent variable. A sliding of the curve into itself is clearly nothing else 
than a sliding of the single points in the directions of their tangents ; and we 
will now show that this sliding gives only such terms of the first variation 
which are free from the sign of integration. If we make this slide, then the 
integral / has either in all the elements the same quantities, or it happens that 
at the beginning a portion of the curve is eut off and at the end a portion 
enters in addition, so that at the beginning elements are lost, and at the end 
additional elements enter. 

By means of the formule below we will prove in a direct manner that the 


variation in the direction of the tangent brings forth only such terms for the 


Jirst variation that are free from the sign of integration. 


Writing (see “The Annals,” p. 26) 


t A hd “ 
tad of oF ok 


and noting that - = - when the sliding is in the direction of the tangent, 


we have 
F=v = COB 
and 
4=v = vein, 
and hence 
ty 
= oF dz oF dy OF d v dz) ok d _dy ) 
to 
But 
oF dz) dx d (oF) 
f ou’ dt ds =| |, ae E dt; 
ty o 
so that 


t 
da, oF dy 
* de * oy’ 


t 
oF de , 
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But 


so that everything under the sign of integration drops out, leaving 


== oF v iad + oF v 
ds oy ds}, 

ITence if we have any sliding, and resolve this sliding into two components, 
of which the one is parallel to the direction of the tangent, and the other is 
parallel to the direction of the normal, then the result of the sliding in the 
direction of the tangent is seen only in the terms which have reference to the 
limits, and all these terms are complete differentials under the sign of integra- 
tion; whereas the sliding in the direction of the normal is seen only under the 
sign of integration in the first variation. 

Note.—This can be generalized to the case where we deal with surfaces ; 
i. e., Where we have to do with double integrals. 


INTEGRATION OF THE DIFFERENTIAL Equation G = 0 For THE First THREE 
PROBLEMSs.* 


Problem 1. Problem of the surface of rotation which is to have the least 
surface area. 


We have already derived the integral (see “ The Annals,” Vol. IX, p. 183) 


ty 


Sa fyr ae 
so that here 


and consequently 


oF ya oF yy 
cu vy 
From this follows, that 
oF 
>, and 


are proportional to the direction cosines of the tangent at any point 2 (¢), y (4); 
and since, as shown above, Vol. XI, p. 31, these quantities vary everywhere 
in a continuous manner, it follows also that the direction of the curve varies 


* These problems were stated by Prof. Weierstrass in his lectures (cf. the ‘ Annals,” Vol. IX, 
p. 179), and the solutions that follow are essentially due to him. 
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everywhere in a continuous manner except for the case where y can be = 0. 

In this last case the curve consists of several regular traces ; in geneud, 
however, of only one. 

Since 2 is not contained explicitly in F, it is expedient to use G, = 0 
instead of G = 0. 

The differential equation for the curve that we are seeking is then 


+P 
where C is an arbitrary constant. 
If we take the are s as independent variable instead of the variable ¢, the 
above equation may be written : 


dz 
Y ds 


Suppose that C = 0, then C must retain this value also in the whole interval 
t,... ¢, that is, along the curve AZ; and since y is not zero for the point A, 


it follows that = = cos 4 = 0 (where a is the angle, which the tangent makes 
with the z-axis), cos 2 must remain = 0 until y = 0; that is, the point which 
Y 
A B 
0 M N x 


describes the curve must move upon the ordinate A to the point J. At this 
dx 
ds 
Hence at J/ there is a sudden change in the direction of the curve. The point 
then moves farther upon the 7-axis, but must again leave this axis in order to 


point | cannot and must not equal to zero if the point is to move to BP. 


go to B, which is only possible (when C = 0) by having = = 0, and then the 


point moves on the ordinate of 2. Hence for the case C = 0, the curve, 
which satisfies the differential equation, consists of the broken line A MMP. 
But if C +0, then C +0 throughout the whole extent of the curve. 


dx . ; 
qe 8 finite and + 0 and varies 
throughout the whole extent of the curve in a continuous manner. 

Hence y must also vary everywhere in a continuous manner and can 


Since ¥ +0 at the beginning, it follows that 
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never be zero, that is, the curve consists of one single regular trace, which lies 
wholly on the positive side of the z-axis. 


From the relation 
dr 
= 
ds 
we have 


= C*(dz? + dy’) 


a differential equation which has been treated at length in “ The Annals,” Vol. 
X, p. 84 and p. 159. 


Problem 11, Problem of the brachistocrone (cf. “The Annals,” Vol. TX, 
p. 185). . 
The time of falling of the movable point expressed in terms of z (¢) and 
y(t) from the point A to the point B is 


ty 5 


In order that this integral should in reality express the time of falling, 
since within the integral the time and therefore also the increment dé is an 
essentially positive quantity, the two roots must always have the same sign. 
And since } 4yy + @ can always be chosen positive, it follows that 1 x? + 2 
inust within the interval ¢,... ¢, be positive. 

It might happen, however, if we express v and y in terms of ¢, that 2 and 
y might both vanish for a value of ¢ within the interval ¢,...¢,. In this case 
the curve has at the point z, y, which belongs to this value of ¢, a singular 
point, at which the velocity of the moving point is zero. 

Suppose that this is the case for ¢ = ¢ and that the corresponding point 
IS Ly, Yo SO that we have 


where m ~ 2, and at least one of the two quantities A and P ¢ 0. 
Then is: 
+ y? = + 
2? + y? = my AP + +.... 
And here we may suppose } A* + ZB? positive. 
If now m is odd, then for small values of ¢ — ¢, the expression on the 
right is positive, and hence } «* + y” has always the positive sign. 
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If on the contrary m is even, = say 2, then in this case the curve has at 
the point 2, y a cusp, since here } 2* + y% has a positive or a negative 
value according as ¢ > or? < ¢. 

If therefore the above integral is to express the time, } 2? + y? cannot 
always be put equal to the same series of ¢, but must after passing the cusp be 
put equal to the opposite value of the series. We therefore limit ourselves to 
the consideration of a portion of the curve which is free from singular points. 

Such limitations must be often made in problems, since otherwise the 
integrals have no definite meaning. 

Hence with this supposition ) 2? + 7? will never — 0. 

We may then write : 


pao 
and consequently : 
oa’ 4gy | a”? 4 
or 1 


Agy 


And from this we conclude in a similar manner as in the first example, that 
oF oF 


Qyr? aye? are proportional to the direction cosines of the tangent of the curve 
2. 
at the point 7, y. Since now Se? dy vary in a continuous manner along the 
c 
the whole curve, and since further } 4gy + o has a definite value which is 
different from zero, it follows also that the direction of the required curve 
varies in a continuous manner, or the curve must consist of one single trace. 
Also here /'is independent of x, and consequently we employ the differ- 
ential equation G, = 0; from which we have 
(3) 
ae 
where c is an arbitrary constant. 
If c was equal to 0, then in the whole extent of the curve ¢ must — 0; 


and consequently, since 1 4gy + « is neither Onorw, —, ——,, = cos a 


must always = 0, that is, the curve must be a vertical line. And neglecting 
this self-evident case, ¢ must have a definite value which is always the same 
for the whole curve and different from zero. 


| 
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From (3) follows that : 
dz* = & (4gy + a?) (da? dy’). 


Or, if we absorb 49 in the arbitrary constant and write 


4g“? 


we have 
da? = & (y + a) (dx? + dy’); 
whence 
e(y + ajdy 


+a)(l—e(y + 


In order to perform this last integration write 


5 
ray’ ©) 


du = 


therefore 
de =(y + a)du. 


In the expression for du, write 


+a) =1—E. 


Then is 
2(1— ely +a) =14+6, 
and 
= — dz. 
Therefore 
dé 
du 

and hence 

= cos u. 


Here the constant of integration may be omitted, since w itself is fully arbi- 
trary. 
Hence 7} 
yta= 9, (1—cos 
and from (6) (8) 
ay (w — sin J 


and these equations represent a cycloid. 
The constants of integration 2,, c are determined from the condition that 
the curve is to go through the two points A and B. Now develop z and y in 


| 
| 
| 
| 
} 
| 
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powers of wv, then in y the lowest power is wu’, and in « it is’. So that the 
curve has in reality a cusp for « = 0, and this is repeated for v == 27, 47, .... 
A and / must lie within such an interval of « (for example within the 
interval 2vz and 2(n + 1)z), that is, between two consecutive cusps. 
The curve may be constructed if we draw a horizontal line through the 
point —— #,, —- a, and construct on the under side of this line a circle with 


9,2? which touches the horizontal line at the point — “,— «. Let this 
circle roll in the positive » direction on the horizontal lines, then the original 


radius 


point of contact describes a cycloid which goes through A and / and which 
satisfies the differential equation. 


Problem 111, Problem of the shortest line on a surface. 

This problem cannot in general be solved, since the variables in the dif- 
ferential equation cannot be separated, and consequently the integration of 
this equation cannot be performed. 

Only in a few cases has one succeeded in carrying through this integra- 
tion, and in this manner of representing the curve which satisfies the differen- 
tial equation through closed expressions. 

This is for example the case with the plane, the sphere, and with all other 
surfaces of the second degree. 

As a simple example we will take the problem of the shortest line between 
two points on the surface of a sphere. The radius of the sphere is put —— 1, 
and the equation of the sphere is given in the form : 

Now writing : 
COS 


| 
y = sin uw cos v, > (1) 
2= sin ~sin v; | 


then w = const. and v = const. are the equations of the parallel circles and 
of the meridians respectively. , 
The element of arc is 


ds = dv? + ; (2) 
and consequently the integral which is to be made a minimum is : 
t 
vinta dt; (3) 


to 
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so that here we have 


F= Vu? + 


and 

oF ) 

ou pv? +o? 
oF v sin?u | 


(4) 


(5) 


Since /' does not contain the quantity v, we will use the equation G, = 0 


and have: 


ov pou? + 


where ¢ is an arbitrary constant which has the same value along the whole 


curve. 


If for the initial point A of the curve ~ + 0, and consequently, therefore, 
not the north pole of the sphere, then ¢ will only then be everywhere = 0, 
if « = 0, and when, therefore, v = const. And then A and 2 must lie on 


the same meridian, and this is a solution of the problem. 


If now this is not the case, then always ¢ + 0, and as is easy to seec < 1; 


we can therefore write sin ¢ instead of ce, and have: 


+ 
or 
dv = _sin edu 
sin w sin’a — sin*e 
If we write 
cos = cos ¢ cos”, 
then is 
sine dw 
dv = 


1 — cos’e cos?’ 
and when integrated this gives : 


tg(v— 3) = tq , 


sin ¢ 


where ,J represents an arbitrary constant. 
Kliminating « by means of (8), we have : 


tgu cos (v — = tye. 


(7) 


(8) 


(9) 


(10) 


This is the equation of the curve which we are seeking expressed in the spher- 


ical coordinates v. 
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In order to study their meaning closer, we may express w, v separately 
through the are s, where s is measuted from the intersection of the zero 


meridian with the shortest line. 
Through (7) the expression (2) goes into : 


sin du 


and this owing to the substitution (8) becomes 
0s = Ow, 

and, therefore, if 4 is a new constant, 

s—b=w. (11) 
Hence from equations (8) and (9) we have the following equations : 

cos = cos cos(s — b), 
(12) 

ctg(v — 3) = sine ctg(s — db). 


Xx 


But these are relations which exist between the sides and the angles of a 
right angle spherical triangle. 

If we consider that meridian drawn from the north pole, which cuts at 
right angles the curve we are seeking, then this meridian forms with the curve 
and any other meridian a triangle, to which the above relations may be applied. 

Therefore the curve which satisfies the differential equation must itself 


—— 
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be the are of a great circle. The constants of integration ¢, 4, 3 are deter- 
mined from the conditions that the curve is to pass through the two points A 
and 

The geometrical interpretation is that c is the length of the geodetic nor- 
mal from the point « — 0 to the shortest line ; « — 4, the are from the foot of 
this normal to any point of the curve, and v — the angle opposite this arc, 
that is, the difference of length between the end points of this are. 

If we therefore assume that the zero meridian passes through A, and if, 
accordingly, we measure the are from A, then 4 is the length of are of the 
shortest line from A to the normal, and ,4 the geographical longitude of the 
foot of this normal. 


| 
’ 
| 
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NOTES ON SOME POINTS IN THE THEORY OF LINEAR DIFFER- 
ENTIAL EQUATIONS. 


By Pror. Maxime Bocner, Cambridge, Mass. 


In the following pages I have tried to treat some points in the theory of 
linear differential equations in a simpler manner than is ordinarily done, and 
to insist upon some matters which are usually passed over in silence. In 
doing this I have not hesitated to confine myself to equations of the second 
order : 

TY pay + =0, a) 
as everything which is here given can be immediately extended by the same 
method to equations of higher order. Much of what follows was given at the 
Buffalo Colloquium held under the auspices of the American Mathematical 
Society in September, 1896 (cf. Bull. Amer. Math. Soc., Nov., 1896). 

g 1. Equations with Analytic Coefficients. Non-Singular Points. 

We will begin by cousidering the case in which the coefficients p and 4 
of the differential equation (1) are analytic functions of the complex variable 
x. By a non-singular point of such an equation is meant a point at which 
p(x) and q(a) are analytic,* i. e. about which they can be developed in the 
form : 


P(t) = Po + — @) + — af + ..., 
q(@) +n(@—«4)+ 


We will suppose that each of these series converges when x —a < LR. 
We wish to prove the following fundamental Existence THEOREM : 
There exists a solution of the differential equation (1) of the form: 


(2) 


where g, and g, are arbitrary constants and where the series converges when 
a—a\< 
If we let: 


») = — 1) + — a) p(@) + (@ — g(a), 

* It will be seen that I speak here and in the following sections of a function as analytic at a 
point if it can be developed in a power series about this point. It will then be analytic through- 
out a region if it is analytic at each point of the region. The ordinary usage is to restrict the word 
analytic to regions and to use the word regular for points. One word seems quite sufficient here. 
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the result of substituting (2) in (1) is: 


yf (a, ») (@ — ay? = 0. (3) 


Now we have: 


— ay, 


r= 
2, 


where = — 1), = and when > 1 FA?) = Pur + 
Let us substitute this development of f(z, ») in (3) and collect the terms 
involving like powers of « — uv. If we then equate the coefficients of the dif- 


ferent powers of z — a to zero we get : 
J = 9, 
+ = 9, 
92402) + AAC) + = 9, 
+ 92,02) + HAA) + = 0, 


the first two of these equations are satisfied by any values of g, and g, since 
7,(0) = f,(1) = 70) = 0. By means of the remaining equations we can 
compute in succession g,, 7,,..., the general formula being : 


It remains to prove that the series (2) in which the coefficients have been 
thus determined converges when «—a < 2. We will suppose that x is 
any quantity satisfying this inequality and we will take 2’ as a second quan- 
tity satisfying the relation 


la—a\<|#—al<R. 
For the sake of brevity we will let 2 —a = 4K. 
Consider the developments : 
(a’ — a) p(2’) = p, — a) + 


Since these series are both absolutely convergent the absolute values of 
the terms will all be smaller than some positive constant J/: 


<M, AY < M. 


| 
| 
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We thus get : 
Peal + < MK +1), 
M 


Let us call the second member of this inequality ¢,. If we can prove that 
the series Yc, « —a "is convergent our theorem is established. Now we 
have : 


M 
on = Kw +1)+ g| Ko), 


Cott v— 1 Mh dy 


from which, remembering that y, < c¢,, it follows that : 
v= ¢, J A 


and the series —a converges. 

The proof just given is essentially an application to the case of a non- 
singular point of the more general proof given by Frobenius in Crelle, Vol. 
76. It may be noticed, however, that as here given the proof applies to the 
case in which p and q are real analytic functions of the real variable x without 
any reference whatever to imaginary values. 

g 2. Equations with Analytic Coefficients have none but Analytic Solutions. 

It follows at once from the algorithm of the last section that the differen- 
tial equation can have no solution, other than those there discussed, which is 
analytic at @.* This does not, however, prove that the solutions obtained in 
the last section are the only analytic solutions ; there might, for instance, be 
other analytic solutions with a singular point at a. In order to consider this 
question we will introduce the idea of the analytic continuation of the solutions 
obtained in $1. We thus easily deduce the theorem (cf. Heffter’s Einleitung 
in die Theorie der linearen Differentialgleichungen, § 39): A solution of equa- 
tion (1) that is analytie in any part of a connected region throughout which 
Pp (#) and q(x) are analytic, is itself analytic throughout this region. Thus the 
solutions above diseussed include all analytic solutions of (1).*+ 

* Cf. foot-note, p. 45. 

+ More accurately they include all solutions analytic at any part of the connected region includ- 
ing a throughout which both p and g are analytic. The region throughout which p and g are both 
analytic may, however, consist of two or more separate pieces in which case solutions of the equa- 


tion analytic in one piece would not in general exist in the others. In such a case, however, we 
practically have a number of distinct differential equations. 
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Let us, however, look at the case in which p and q are real functions of 
the real variable «. Then, even though p and ¢ are analytic, there is no reason 
a priort why the differential equation should not have, besides the analytic 
solutions obtained in the last section, other solutions which are not analytic. 
It is therefore of fundamental importance to establish the following theorem : 

Tf throughout an interval AB of the r-axis the coefficients p and q of 
equation (1) are real analytic functions of the real variable a, a real function 
y which at every point of AB satisfies equation (1) will be analytic throughout 
AB. 

It should be noticed that when we require that the function y should sat- 
isfy the differential equation at every point of AL we thereby require that it 
should have a first and a second derivative at every such point, and therefore, 
in particular, that 7 and its derivative 7’ should be continuous throughout AP. 

In order to prove the theorem just stated let @ be any point of the inter- 
val AL. Call the values which y and 7’ have at a @ and /f respectively. Con- 
sider now the analytic solution whose existence was established in § 1: 


y=—a+ 


y— yisthen a solution of the differential equation which together with its 
a. Our proof will be complete if we can 


first derivative vanishes when « == 
prove that yy vanishes at every point of AZ for we should then have 


y = y — an analytic solution. 

It remains then to prove a theorem which can be proved with the same 
ease in the following more general form in which we do not require that » and 
y be analytic, but merely that they be continuous : 

[f throughout an interval AB p and q are continuous real functions of the 
real variable x, a real function y which satisfies equation (1) at every point of 
AB and which together with its first derivative vanishes at a point a of the 
interval AB will vanish throughout AB. 

We will suppose that p(~) and g(x) are continuous at A and P as well as 
between these points.* It will then be possible to find a positive quantity J 
greater than the greatest numerical value of p(x) and g(z)in AB. We will 
suppose J/ to be also taken greater than 4 : 


M> p(#)!|, M>\q(e)i, M>}. 


We will consider first not the whole interval but only the interval from 


*If this were not the case we should merely have to take two other points A’ and B’ between 
A and B and arbitrarily near to A and B respectively, and then to prove the theorem for the inter- 
val A’B’. 


! 
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a—1/4Mtoa + 1,4Morso much of this interval as lies between A and ZB. 
We assume that y = 0 and 7/ = 0 when « = a and we wish to prove that 
y = 0 for all values of between —14Manda | 1 

Consider the maxima of the functions |y and 7 in the interval just 
mentioned, and call the larger of these two quantities c, so that when 


y seand 


It will then be sufficient if we can prove that c = 0. It follows from the dif- 
ferential equation that for all points of the interval we are considering : 


plz) ly ly < 

Now we see by applying the law of the mean* to the function / that at 
any point « of our interval (vy — 0)/(# — a) is equal to the value of y” at 
some point between @ and «. Accordingly : 


y |< <c/2 (since — 1/47). 


Applying the law of the mean to the function 7 we see that (y— 0)/(@ — «@) 
is equal to the value of 7’ at some point between « and x, so that: 


SG (since > +). 

We have thus shown that neither! y nor y exceeds the value ¢/2 at 
any point of our interval, while by hypothesis either y or 7 has the value 
¢ at some point of this interval. It follows that ¢ — ¢ 2, so that, since ¢ can- 
not be negative, « = 0. 

Having thus proved that y and y’ vanish throughout the interval from 
a—1/4M toa + 1.4. + we now proceed to extend our result to the whole 
interval AB. Since y is a solution of (1) which together with its first deriva- 
tive vanishes when # =a + 1/4, the reasoning just used shows that it must 
vanish throughout the interval from a + 1/4M toa + 2/44. Applying the 
same reasoning again we find that it vanishes from a + 2/4M toa + 3/4.M, 
ete. On the other hand, since y and 7’ vanish when « = a — 1/4. we see 
that y vanishes from «@ — 1/4M toa — 2/4M, froma — 2 4M toa — 3 4M, 
etc. It follows that 7 vanishes throughout A /. 

The proof just given is an application to the case of linear differential 


*I. e. the theorem that if f(2) is a continuous function and has a derivative: (f(2,— f(a) )/ 
(a — a) = f'(=) where = is some point between a and 2. 
+ Here and in the next few lines only so much of the intervals is meant as is included in AV. 
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equations of the proof given by Jordan in the revised edition of his Cours 
(Analyse, Vol. III, p. 93.* 

§ 3. Equations with Real Coefficients. Lxistence Theorem. 

The last theorem established applies to equations in which p and q are 
any real continuous functions of the real variable z. In this section we will 
establish the following existence theorem for such equations analogous to the 
one established in § 1 for equations with analytic coefficients. 

If in the interval AB p and ¢ are continuous real functions of the real 
variable x, a real function y exists which satisfies equation (1) at every point of 
AB and which has at the arbitrarily chosen point a of AB the arbitrary value 
awhile its derivative has at this point the arbitrary value . 

We will establish this theorem by the method of successive approxima- 
tions first used for this purpose by Peano in 1887.+ As a first approximation 
y, we will take the simplest function which satisfies the initial conditions 
= 4, yy (4) = 3, e. the linear function : 


yy = + — 4). 
We then compute a second approximation y, from the relation : 


and the initial conditions y, (4) = a, y,' (4a) = 3. This gives when we remem- 
ber that = 


and integrating again : 
Proceeding in this way we compute each approximation y, from the pre- 
ceding approximation y,_, by the relation : 
Yn + P(*)Yna + =O 
and the initial conditions : 


* The form in which Jordan gives this proof is far from satisfactory, but his proof may readily 
be made rigorous. Cf. also Lindeléf: Journal de Mathématique, 1894, p. 118. 
+ Cf. Math. Ann. Bd. 32. For other references see the Bulletin, loc. cit. 
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This gives : 
x 


Yn — Yo = fw aa Y) dv. 


We will now prove: 1) that as increases indefinitely y,, approaches a 
definite limit y; 2) that this limit 7 satisfies the desired initial conditions ; 
3) that 7 satisfies the differential equation. Our theorem will then be estab- 


lished. 
The problem will have a more familiar form if y, is regarded as the sum 
of the first x -+- 1 terms of aseries. This can be done by letting })) = y, — y,, 
— Yn Then y, is the sum of the first 
n + 1 terms of the series 


(4) 


and our first problem is to prove that this series converges at all points of the 
interval AZ. It is easy to so arrange our work as to prove at the same time 
the convergence of the second series : 


(5) 


The functions ¥),..., ¥,,, 2”, are computed by the formul:e : 
= f Y/dz, 


f Yd. 


Let C be a positive quantity satisfying the inequalities y, <C 
throughout AB. 

Let¢ = x — a, and let / be a positive constant greater than 1 and sat- 
isfying for all points of A PB the inequality ¢ < /. 

Let MV be a positive constant satisfying throughout AL the inequalities 
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We have then evidently : 
t 


<f2emdt = 20m, 


Y, | focm 


The two expressions which we have here found, one greater than J}'/ 
and the other greater than Y, may clearly be replaced by one and the same 
quantity 2C-M/t, which is greater than either of them. We thus get 


YY, < 
Proceeding in the same way : 
t 


|< frown = PCM 


at? 
eMule 
= 2! * 


> 
The two expressions on the right hand side may here again be replaced 
by a single one : 


2 27242 


| 2! 


At the next step we get : 


r,, BCM*PE BCH PE 

ete. It is clear then that the absolute values of the terms of the series (4) and 
(5) are less than the corresponding terms of the series : 


+ C— 
and this being a convergent series of positive terms the series (4) and (5) are 
absolutely convergent throughout the interval AB. Moreover the terms of 
the series last written being smaller than the corresponding terms of the series : 


C+C.2MP+C 


and this being a convergent series of constant terms (i. e. terms independent 
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of ¢) it follows at once that the series (4) and (5) are uniformly convergent 
throughout A. Series (5) represents therefore the derivative of (4). 

It follows now at once that y satisfies the initial conditions we wish it to 
satisfy ; for we have : 


y= and = 


and y,(4) = 4, = so that y(a) = 4, = 4. 
It remains then merely to prove that y satisfies the differential equation 
at every point of AL. Now we have: 


Let us here take the limit of each side as » becomes infinite, remembering 
that since y,_, and y’,_, approach their limits uniformly we have a right to take 
the limit under the sign of integration : 


= —{ [P@)y + 


When we differentiate this equation we get : 


— 
i. e. y satisfies the differential equation at every point of AZ. 

By the method used in § 2 it follows at once that no other real functions 
y than those just obtained exist which satisfy equation (1) at every point of 
AB. 

Finally we may note that the exponential series obtained in the above 
proof of convergence may be conveniently used, if we wish to employ the 
method here explained for numerical computation, to determine how large « 
must be taken in order that y, should be a sufticiently close approximation for 
the purpose in hand. 
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ON THE TRIPLE FOCUS OF A CARTESIAN. 
By Dr. Cart C. Encsera, Lincoln, Neb. 


In his treatise on “ Higher Plane Curves,” Salmon says: “If / and / be 
each of them a cusp, then the tangent at / or -/ counts three times among the 
/ or J tangents ; and there are from each point x — g — 3 other tangents. 
The (~ — g)* foci are then made up of one which counts as nine, of (7 — g — 3) 
+ (n —g — 3) which each counts as three, and (x — g — 3)? single foci. Of 
these last (« — gy — 3) are real, and the only other real focus is the intersec- 
tion of the tangents at / and -/, which is commonly called a triple focus as 
counting for three among the real foci, though if we took into account imagi- 
nary as well as real foci, it ought to be regarded as a 9-tuple focus.” 

According to this theory, the foci of a Cartesian oval, the class of which 
is six, would be as follows: one 9-tuple focus, six triple, and nine single foci. 
Of these three single foci are real, and the only other real focus is the inter- 
section of the cuspo-tangents, or, as it is commonly called, the triple focus. 

This is on the condition that the line // does not count among the tan- 
gents to the curve. If // counts once among the tangents from / or -/ to the 
Cartesian, we get two real foci in finite regions beside the real triple focus, and 
also a real focus at infinity. Here a difficulty presents itself. It is a well 
known fact that a Cartesian Oval has three foci on its axis. In addition it 
has, in a certain sense, a fourth focus on the axis, namely, the point on the 
line which is infinitely distant. This we may show as follows : 

From the circular points /, J at infinity four tangents may be drawn to 
a nodal bicireular quartic. Now we know that, if from a point on a curve, 
four tangents can be drawn to the curve, the anharmonic ratio of the four sets 
of tangents thus formed is constant ; whence the tangents intersect in sixteen 
points, four points on each of four circles, which intersect each other orthogo- 
nally. Four of these foci, the intersections of conjugate lines, are real, the 
other twelve are imaginary. Now the inverse of a nodal bicircular quartic 
with respect to a focus is a Cartesian. Therefore, inverting with respect to 
one of the real foci, the circle containing these foci inverts into a straight line, 
three of the foci invert into the finite foci of the Cartesian, while the fourth 
focus, the centre of inversion, inverts into the infinite point on the line. 

If the foci of « Cartesian follow the law given by Salmon, we shall have 
either three real single finite foci and one real triple focus, but no foeus at 
infinity ; or we shall have two real single finite foci, one real infinite, and one 
real triple focus. The first of these cases evidently does not hold. If now we 
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can show that a Cartesian has three real finite foci in addition to the triple 
focus, we have shown that the second case does not hold. This we may show 
as follows : 

The equation of a Cartesian can readily be put into the form 


— — 1), 


where s = 0 is the equation of a circle. This form of the equation shows that 
the /, J points are casps, and that the cuspidal tangents intersect in the centre 
of s, which is therefore the triple focus, or cuspo-focus of the Cartesian. 

Writing ¢’ for 2? + 7’, we have for the equation of a complete Cartesian, 
a focus being taken for pole, 


— 2Be + C*P — = 0. (1) 
The equivalent form 
— BP + — B* — 2A? + — — C? 4+ 2Bz) = 0' 


shows that (c = B, y = 0) are the co-ordinates of the cuspo-focus. 
We proceed to identify (1) with the vectorial form 
mo —p=h 
that is, with 
m (p> — 2cx + —p = K, 


or 


in? — 1 1 (m? — (2) 
The equalities 
(m? — 1)?’ m? — 1’ —1 
give 
(B+ A), + =0, (3) 


the roots of (3) representing, of course, the two axial foci not at the origin. 
The roots are 


(B? + C? — A*) + (At + Bt 4 Ct— — 


20°A* — 
2B 


neither of which, in a true Cartesian, reduces to LB. 

Now returning to the tangents, the term “triple tangent ” may be inter- 
preted in two ways: 1. Three of the tangents to the curve have become coin- 
cident at the cusp ; 2. The tangent at the cusp really contains only two of the 
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tangents to the curve, but is called triple tangent because it touches the curve 
in three coincident points. As has been shown above, the first interpretation 
does not account for all the real foci of the Cartesian. We are thus forced to 
the second interpretation. This, however, shows that the foci of a Cartesian 
do not follow Pliicker’s law ; and gives the following distribution of / or / 
tangents : ‘Two coincident cuspidal tangents, the line /.7, and three other dis- 
tinct tangents. According to this our foci are as follows: One which counts 
for four, eight double, and sixteen single foci. Of these foci, four single are 
real, three of them finite and one infinite, and the only other real focus 
is the quadruple one, which should be called double as‘counting for two 
among the real foci. Thus the focus which is generally considered a triple 
focus is really only a double focus. The single foci correspond to the sixteen 
foci of the bicireular quartic. As their properties and distribution are well 
known, nothing further need to be said about them. 

Summing up these results, we see that the term “ triple tangent ” does not 
apply to the Cartesian oval, in connection with the focal properties, in the 
sense in which it is used in the general theory of foci, there being four tan- 
gents from each cusp in addition to the cuspidal tangents, while the class of 
the Cartesian is only 6. In view of this it seems to me more fitting to use the 
terms “ cuspo-tangent ” and “ cuspo-focus,” since these terms are not mislead- 
ing as are the terms triple tangent and triple focus. 
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DIRECT DERIVATION OF THE ORDINARY CANONICAL SYSTEM 
OF ELLIPTIC ELEMENTS EMPLOYED IN THE PROBLEM 
OF THREE BODIES. 


Ry Pror. Ormonp Srong, Charlottesville, Va. 


The canonical equations of motion may be written 


dq,_ °H dp, _ oH 


dt op,’ (1) 
in which 
== Zp, —tk (4) 
is a constant, and 
oT 
(3) 
dt 
7 is a function of the g,’s and =i ’s but // is expressed as a function of the p,’s 
and 9;’s. 
We will consider the problem of three bodies in which 
2{dw)? 
F=f + (5) 
H ta + $7 | dt | | (6) 


where 7, ~ are the radius vector and longitude in orbit of the disturbed body, 
2, is a function of the coordinates of both the disturbed and disturbing bodies, 
and y is a constant. 

As g;'s we will select 

q, the mean anomaly, 

q, — the angular distance of the perihelion from the node, 

q, the longitude of the node counted from a fixed point in the funda- 
mental plane ; in each case reference being had to the instantaneous Kep- 
lerian ellipse. It remains to find p,, P,, Ps: 

dq,/dt is independent of ¢7, dt and /q,/dt ; it is also independent of the 
form of the orbit. In deriving p,, therefore, by means of (3), we may write 7’, 
in the place of 7, the former being obtained on the assumption that the orbit 
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is a circle whose radius is the semi-major axis, a, of the instantaneous ellipse. 
In the instantaneous ellipse, instead of (6) we have 


(dr)? (dw\? woop 


In the corresponding circle dr dt = 0, r = a, dw dt = dq, dt; whence 
{dq 
2 1 
(8) 
and 
dt 


fdq\* op 
2 
| dt 2a (7 
or 
dy 
ai’ 


Combining (9) and (11), we have 
pe. (a) 
A reference to the accompanying figure (in which 7, P, are successive 
positions of the disturbed body on the celestial sphere, and 2,, 2,; 7,, 7, are 


P, 


7, 
, 2 


M, 


the corresponding positions of the instantaneous node and perihelion) will 
show that 

dw dv dq , dq; 
a att de"? (12) 


where v is the instantaneous true anomaly, and 7 is the inclination of the 


4 
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instantaneous orbit to the fundamental plane ; and since dy, dt is independent 
of dr dt, dv dt, and dq, dt, equations (3), (4), and (12) give 
oF _ dw 


(13) 
dt 
Substituting in (7), 
dr \? 


This equation holds true for all points of the instantaneous ellipse. For the 
maximum and minimum values of 7, since for these values /r dt = 0, we have 
ror + Qa 
or 
Zar + pe = 0. (15) 


Calling the roots of this equation 7, = a(1 — e) andr, = a(1 + e), as given 
by the properties of the ellipse, the last term of (15) gives 


a 2 
pr = #(1—e), 
‘ 


or 
in which, of course, ¢ is the eccentricity of the instantaneous ellipse. 
Finally, since ¢q7,/d¢ is independent of dr/dt, dv/dt, dq,/dt, equations (3), 
(4), and (12) give 


oT 
“dt 
A comparison of (7) with (6) gives 
ox Rk, = Rk, 


in which 7 is the expression used by Delaunay in his Théorie de la Lune. 

The derivation of the ordinary canonical system here given has the fol- 
lowing apparent advantages : 1. The use of Hamilton’s principal function is 
avoided ; 2. The argument forming Chap. 36 of Jacobi’s Vorlesungen iiber 
Dynamik, or that forming Vol. I, Art. 59, of Tisserand’s Mécanique Céleste, 
is rendered unnecessary in applying the system to the theory of perturbations ; 
3. The reason for the addition of the term ,°/(2p,*) to the perturbative fune- 
tion is shown, without a special investigation, such as that given in Vol. I, 
Art. 5, of Delaunay’s Théorie de la Lune. 
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A BINOMIAL THEOREM, EXPRESSED IN FORM OF A FACTORIAL, 
WHICH IS AZ WA YS CONVERGENT.* 


By H. Washington, D. C. 


The binomial series ; 


nn—l nn—ln—2., 


G+ af + | 9 3 +... 
nn—l n—m-+1, 
i” (1 + +5 +.... (1) 


is true for any value of « only if xis a positive integer. In all other cases we 
must have 
l>2z>-l. 
About six years ago Dr. Martin communicated to the Mathematical Sec- 
tion of the Philosophical Society a remarkable series for » a? + 6, which had 
been discovered by C. A. Roberts, as follows : 


b 1 1 1 
(1 (1 + (1 + (1 + (2) 
where 


Since the y’s increase to infinity, it is evident that this series converges for 
any value of ¢ and / as I proved in my article ‘On the method of continued 
identity,” Annals of Mathematics, Vol. 5, page 3, page 92. (This was an 
attempt to apply this form to the development of any function, which, how- 
ever, Was not practically successful except in yielding a remarkably convenient 
method of solving higher numerical equations.) 

After that I published in the Mathematical Magazine “ A new and expe- 
ditious method of computing the square root,” which already contained the 
essential features of the general method though somewhat hidden. It is as 
follows : 

We have identically 


* Read before the Philosophical Society, Washington, D. C. 
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similarly 
We have then 
b 


approx, (4) 


ete. 
These approximate values, since they are expressed by the identical aux- 


iliaries gy as in Robert’s series, are likewise convergent for any a and >. They 
are indeed the sums of the terms of that series since 


“+ 
bf, 1)_6 lg 
6f, 


ete. 

The generalization of this method for the ath root did not occur to me 
because then the successive remainders could not be = 1, and I considered 
this erroneously essential. The following, however, is the correct mode of 
generalization : 

We have 


1 L 1 L 
(a" + h) (a” + b)\" (a," b,)" (6,) 
if 
a, = na" + b; b, = a." — (na"")" + D) (7,) 
1 n n 1 n 4 
(a," —b)"= nar — = na," (a," — (6,) 
if 
dy = na” — = a — (a" — b), (7,) 
ete., and we have 
L 


n— 
niu nat 


| 
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Now whatever the ratio between a" and +, even if 4 > a" it follows from 


(7) 


> 6; af > 6, 


and the binomial series can be applied without restriction to any form of (6), 
and if the remainders 6,, 4,,... are small enough with respect to «,", @,",... 
to be neglected, we have the approximate values : 


+ = . approximately, 


na® 


1 


yy approximatel y, (8) 


ete. 
In order to prove that these approximate values converged to the true 
value we give to the factorial (6) another form. Let 


Then we have: 


+ + 2)" = "la — a)" (10,)- 
ha q ny 


2%) 


) 
(1 + 2), (11,) 


Since even if 2 > 1 we have necessarily , ; 2, ..., &, <1, we may apply 


| 
} 
| 
and the seale of relation becomes : 
H 
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the binomial series to the second terms, except the first, if . > 1. We have 


then 


_f{, a2+1),, n+1 


If, therefore, z,,_, is a small quantity of the first order then .”,, is of the 
second order, and the smaller «,,_, the more nearly we can put 


_n—l 


= 
m Qn m—1 


Since, then, the # diminish continually, therefore (10), and hence, also (8), 
are always convergent. 


If x is not an integer, and therefore 3 any proper or improper fraction, 


these conclusions are not affected and these factorials remain convergent 
though practically useless since then the scales of relation require extractions 
of high roots. The forms given are thus restricted in practice to the extrac- 


tion of high roots, and if V 7 was required we place 
Ne == + =a(l+ 


and raise the result to the pth power. 

In case 6 > a" orx > 1, the forms are however so slowly convergent 
that they are impracticable, while the binomial series is absurd. 

Additional Note. Instead of deriving (10) from (6) it can be formed inde- 


pendently as follows : 


1 
We have (1 4+ xz)"=1 + <, approximately, using two terms of the bino- 


mial series. Assume 


1 1 
(l+2)"= + (1 — 


then 
x, =1— r + 4 (1 + a), the same as (11,). 
J 
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In the same manner we can take 


1 f 2*) 
210 (13) 


whence the scale of relation 


n—1 2z?}3 


_fa(m+1) n—1 , +1) 


1.2.3 


thus if is small of the first order, 2, is of the third, and the convergence of 
the factorial 


2) f n—1 2°) 
( n 1 n 
n (1 — 


is cubic. 

By taking four terms of the binomial series for first factor we can form a 
factorial which has a quartic convergence and so on. However, since the 
scales of relation thus become more complicated, it is not apparent that there 
is any advantage in increasing the convergence in this manner® Moreover, if 
x > 1, then the first step becomes less advantageous the more terms are taken 
in the first factor. 


| 

i 

( 
(1 + 2x). (14,) 
But we have 
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